Abstract: We study rigidly rotating strings in AdS 5 × S 5 background with one spin along AdS 5 and three angular momenta along S 5 . We find dispersion relations among various charges and interpret them as giant magnon and spiky string solutions in various limits. Further we present an example of oscillating string which oscillates in the radial direction of the AdS 5 and at the same time rotates in S 5 .
Introduction
Recent advances on both the string and the gauge theory sides of the AdS/CFT correspondence [1] , [2] , [3] has added much of our understanding to the gauge/gravity duality. The duality aims at establishing the equivalence between the spectrum of anomalous dimensions of gauge invariant operators in the gauge theory and the energy spectrum of the string theory states. In case of AdS 5 /CF T 4 duality, it is possible to see how certain simple string states actually appear as field theory operators [4] [5] . This state/operator duality becomes tractable in the strong coupling limit or the so called semiclassical limit. In this limit the appearance of integrable structures on both sides of the duality makes it simple to study and to make further predictions regarding the correspondence. The integrability arises as a quantum symmetry of operator mixing in CFT side [6] , [7] and as a classical symmetry on the string world-sheet in AdS space [8] . More precisely, the integrability has improved the understanding of the equivalence between the Bethe equation for the spin chain and the corresponding classical realization of Bethe equation for the classical AdS 5 × S 5 string sigma model, see e.g. [9] , [10] . Study of the multi-spin rotating string solutions, e.g. in AdS 5 × S 5 [11] , [12] , [13] , [14] and the Bethe equation for the diagonalization of the integrable spin chain in the SYM theory, e.g. [6] , [7] , [15] have been studied in great detail. In the semiclassical limit, the study of AdS/CFT duality has triggered much of interest in recent past. In this connection, magnons, which are elementary excitations on the spin chain have been realized in [16] as dual to specific rotating semiclassical string states on R t × S 2 . Soon both infinite and finite long spin chain [14] , [17] , [25] operators have been mapped to different string states in various backgrounds and magnon bound states [18] , [19] , [20] , [21] , [22] , [23] dual to strings on different subspaces of AdS 5 × S 5 with two and three angular momenta has been found out. Infact a general class of rotating string solutions known as spiky string was found out in [24] which correspond to a higher twist operator from the field theory view point. Further it was also observed in [25] that both giant magnon and single spike solutions can be viewed as two different limits of the same rigidly rotating strings on S 2 and S 3 . In an attempt to find out new solution, a large class of multispin spiky string and giant magnon solutions have been studied, in various backgrounds including the less supersymmetric, orbifolded and non-AdS backgrounds, for example in [26] , [27] , [28] , [29] , [30] , [31] , [32] , [33] , [34] , [35] , [36] , [37] , [38] , [39] . More recently in [40] , [41] , [42] , [43] more general three spin giant magnons and spiky strings have been studied and interesting dispersion relation among the divergent energy and angular momenta have been obtained. In particular in [42] an interesting rotating solution has been studied with thee divergent angular momenta along the S 5 and divergent deficit angles around the sphere in AdS 5 × S 5 . Here, we would like to generalize the result to add another spin along AdS 5 . We also wish to generalize the four spin solutions to a class of giant magnon obtained in [22] and show the similarity of the dispersion relation to the solutions of [23] with three spin giant magnon. We wish to note that the solutions presented here correspond to rotating open strings with Neumann boundary condition.
We also describe a class of multispin oscillating string in AdS 5 × S 5 . The oscillating string solutions found in [5] describes a string oscillating in one plane. In [44] and [45] , pulsating string solutions in AdS 5 and S 5 have been worked out separately where as in [46] , rotating and oscillating strings in AdS 5 have been derived. In these papers, the solutions to the equations of motion for a general rotating and oscillating string have been discussed and the energy expression as the function of oscillation number has been derived. We wish to generalize the solutions, to describe the motion of a string which oscillates in the S 5 with a constant ρ value in AdS 5 , in subsequent section.
The rest of the paper is organized as follows. In section-2 we solve the general equation of motion for a rigidly rotating string in the background of AdS 5 × S 5 , with one spin along AdS 5 and three angular momenta along S 5 directions. We write down the most general solutions to the equations of motion of the fundamental string and write down the conserved quantities. In section-3 we compute all the charges and have shown a class of spiky string solutions with the help of a set of integration constants. In section-4 we present a different class of solutions with a different set of integration constants. In section-5, we present an oscillating string which oscillates in the S 5 . Finally in section-6, we conclude with some discussion and remarks.
Rotating Strings with Four Spin in AdS
The full metric for AdS 5 × S 5 background is where ρ yy = ∂ 2 ρ ∂y 2 etc. Now, the first Virasoro constraint T τ σ = 0 gives 6) and the second virasoro constraint T τ τ + T σσ = 0 gives
The conserved quantities are
Deficit angle is defined as ∆φ = ∂φ ∂y dy. Now, we define
and ∆φ 2 = ∆φ 2 tan ψ . From the Virasoro constraints (2.6) and (2.7), we get the following relation among the integration constants
For the convenience of our solution, the arbitrary parameters A 1 and A 2 that characterize the time and angle coordinates of string in AdS 3 are chosen as A 1 = b and A 2 = 0. Using this in the equation of motion of ρ (2.5) and integrating it once with a zero integration constant we get
Subtracting the above equation (2.10) from the second Virasoro constraint (2.7), we get
where 
Case I
Now, we substitute ξ = cos 2θ in the equation (2.11) and rewrite it 
where
and ξ 0 ∈ (0, 1). Now, the conserved quantities including that of the angle differences between the end point of the string can be rewritten as
Giant Magnon Solutions
Here we choose constants values in such a way that we get finite deficit angles and large energy and angular momenta. Thus
We take J = J 1 + J 3 and ∆φ = ∆φ 1 + ∆φ 3 , so
With the constraint 4υ
(a 2 −b 2 ) 2 , we get the magnon dispersion relation
where deficit angle has a constraint sin ∆φ =
Spiky String Solutions
Similarly, to get the finite momenta and large energy and deficit angles, we choose the conditions as
With the constraint υ 2 2 + (
(a 2 −b 2 ) 2 , we get the spiky dispersion relation
, and ξ 0 = cos 2θ 0 .
Case II
Putting condition(2.14) in the equation (2.11), we get
and we choose κ 2 1 = υ 2 2 + υ 2 3 . Now, equation(4.1) can be written as
From (4.3), We get the two conditions (i) κ 2 1 = υ 2 2 + υ 2 3 and (ii) c 2 3 = υ 2 3 − υ 2 1 . Both the conditions will give us same dy equation, only with different θ 0 value. So the conserved quantities will remain same and this will lead us to same relations. Here we study the different dispersion relations with the (i) condition only. So taking κ 2 1 = υ 2 2 + υ 2 3 , the equation (4.2) changes to dy = 1
Thus, the conserved quantities are rewritten as where
. Using (4.6), (4.7) and (4.8), we can compute the deficit angle for time as
Here α is characterized by a time difference between the two endpoints of the open string. In order to get the dispersion relation, we choose the condition among following constants as
Using (4.5) and (4.10), we get the giant magnon dispersion relation as
We can define J = J 3 + υ 3 υ 1 J 1 and make the ∆φ 3 finite by choosing ac 3 = bυ 3 . From [23] , we can regularize S 1 and from [18] and [19] , we can write down the finite terms for υ 3 υ 2 J 2 , which will give us the dispersion relation as
Similarly, we choose the condition for spiky string as
Using (4.13) and (4.5), we get the spiky string dispersion relation
(4.14)
Oscillating in S 5 with ρ fixed in AdS
Here we consider a string oscillating in the ψ direction of the S 5 , which is periodic in nature and ρ is fixed to ρ 0 in AdS. We wish to study a configuration with two spin in AdS and two angular momenta along S 5 . For the study of this oscillating string we substitute ϕ 3 = π 4 and φ 1 = φ 3 in (2.1) and get the metric as
Now we parameterize the coordinates as
where i = 1, 2. The Nambu-Goto action for the string in the background (5.1) with the above ansatz (5.2) is given by
3) The conserved quantities derived from the above action (5.3) are
From the above equation (5.4), we get a relation among the conserved charges
This (5.5) is the dispersion relation for a string which is oscillating in the S 5 from a minimum value of ψ min to a maximum ( π 2 − ψ min ) and at the same time it rotates with two angular momenta. Now solving the Euler-Lagrangian equation for t with appropriate integration constant we get the equation of motion which iṡ
The above equation (5.6) gives us the potential energy V (ψ) which gives the oscillation number for the strings. If we put µ i = ν i = 0 in the above equation (5.6), it changes tȯ
which is similar to the conformal gauge condition obtained in [45] . With µ i = ν i = 0, the conserved quantities S i=1,2 and J i=1,2 become zero. The energy and oscillation number imply
where K and E are the usual elliptical functions, γ = κ cosh ρ 0 and n = m cosh ρ 0 . For small γ and N , we get the classical energy as 9) which is similar to the relation got in [45] . If we consider ρ 0 = 0, then we get back the exact energy for the string oscillating in the R × S 2 . It will be interesting to find out solutions of open string that oscillates in AdS 5 and at the same time rotates along S 5 .
Conclusions
In this paper, we have found two classes of giant magnon and spiky string solutions in AdS 5 × S 5 background with one spin along AdS 5 and three angular momenta in S 5 . We have calculated the divergent energies and angular momenta and have found out new solutions corresponding to giant magnon and spiky strings. The dispersion relations we got in (3.6) and (3.9) are the generalized solutions of [42] to include a spin along AdS 5 . Similarly, by putting S 1 = 0 in the (4.11) we get the relation obtained in [22] . Though, in [22] all the three angular momenta are infinite, in our case one of the momenta (J 1 ) is finite. The dispersion relation found in the (4.12) is similar to [23] , where we combine the two momenta to get the energy of a superposition of two magnon bound states. The last dispersion relation in (4.14) presents a new class of spiky string solution. However, with a different constraints of integration constants we can get a dispersion relation same as obtained in (3.9). There are further questions that can be addressed. First of all it will be interesting to look for solutions with divergent energy and multiple angular momenta in the β deformed AdS 5 × S 5 . However, the presence of various background fluxes makes the study more difficult, nevertheless worth exploring. According to AdS/CFT duality these states would correspond to some gauge theory operators, though the exact nature of the operators are not known, but it will most likely fall into the class of operators that correspond to the known multispin solutions on the AdS 5 × S 5 . It will be interesting to look at the operator dual of such states in detail. For example the oscillating and rotating string solutions present in the last section might correspond to certain highly excited sigma model operators. These in turn must have something to do with the higher spin states and it will be exciting to study the nature of these states and operators.
